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Abstract--The approach of inner/outer fields is applied in order to calculate he aerodynamic loads at 
a blade tip (inner field) of a helicopter in hovering or axial flight. It is shown that if the inner field includes 
the wake in the vicinity of the tip region, then the well known lifting surface method for fixed wings can 
be applied in order to study the aerodynamic field at the tip. This method is more efficient than other 
methods that have been previously applied and thus it is suitable for repeated analyses during the design 
procedure. Furthermore, the method is capable of dealing with complicated tip geometries without 
requiring excessive computer resources. Examples ofusing the method are presented, where the calculated 
results are compared with experimental ones. 
1. INTRODUCTION 
A significant effort has been devoted during recent years in order to study the aerodynamic 
behavior of helicopter blades' tips. References [1-11] are representative examples of this effort. The 
reasons for this extensive research are twofold: first, the blade tip, with its relatively high velocities, 
presents a very important contribution to the rotor thrust. Therefore, any improvement in the 
aerodynamics of the tip will result in an important improvement to the net rotor performance. 
On the other hand, the aerodynamic behavior at the tip is much more complicated than the 
behavior at other regions of the flow field. This complexity is the result of: inherent hree-dimen- 
sional nature of the flow, high velocities and therefore important compressibility effects, compli- 
cated influences of the returning wake and relatively complicated geometries of blade tips. 
Because of the complexity of the flow field at the blade tip, relatively complicated theoretical 
models have been developed in order to deal with this region properly. If such complicated models 
will be applied to solve the whole flow field of the rotor, enormous computer esources will be 
required in order to solve even a single case. On the other hand, it is possible to calculate the flow 
field at other regions of the rotor flow field, by using relatively simple models. Thus, in order to 
arrive at an efficient and accurate nough solution scheme, the idea of combining two different 
models eems attractive. Namely, the more complicated model is applied only to regions of the flow 
where it is required (the tip region), while a simpler model is applied to the rest of the flow field. 
It is clear that special care is required in order to combine the two models so that they will yield 
a final complete solution of the problem. 
The above mentioned inner/outer domain concept has been applied by different researchers in
order to calculate the aerodynamic behavior of helicopter blades [3, 7, 9, 11]. In all these studies 
the inner (more accurate) domain has been solved using finite difference schemes. It has been shown 
that by using appropriate finite difference meshes and appropriate tailoring between the inner and 
outer domains, very good results are obtained. On the other hand, as the refinement of the mesh 
is increased, the required computer esources for the solution of each case are enormously 
increased. 
The present paper will present amethod where the inner/outer domain concept is applied in order 
to calculate the aerodynamic loads at the blade tip of a hovering rotor (or a rotor in a slow axial 
motion). The solution of the flow field at the inner domain (the tip region) is obtained using the 
lifting surface method. The model can cope very easily with any tip geometry. The influence of the 
outer domain on the tip region is introduced through velocities which are induced by the outer 
domain over the tip region. A requirement of continuity in the load distribution along the blade, 
while passing from one domain to the other, is also applied. 
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After the derivation of the new model, it will be applied to calculate the aerodynamic load at 
the tip region of different blades. The theoretical results will be compared with experimental ones. 
The present method is very efficient, compared to other methods, for analysing the aerodynamic 
behavior of different blade tips at different hovering or axial flight conditions. Thus it may be useful 
in the design process where a large number of analyses, of different designs, is required. While the 
present paper concentrates on the axisymmetric case (axial flight or hovering), extension to forward 
flight, which is an unsteady case, seems natural. The efficiency that the method may offer in this 
case is very attractive. 
2. THEORETICAL DERIVATION 
2. I. Basic assumptions and geometric description 
The present paper deals with a helicopter rotor in hovering or slow axial flight. The derivation 
is based on the following assumptions: 
(a) The flow field is subsonic, isentropic and inviscid. 
(b) The blade surfaces lopes are small, relative to the incoming flow direction. The blade 
thickness is also small relative to its chord. 
(c) The rotor is isolated and thus fuselage or ground influences are not taken into account. 
(d) The aspect ratio of the blades is much greater than unity. 
(e) The axial velocity of the rotor, V c, is small compared to the blade tip velocity. 
(f) The rotor rotates at a constant angular velocity fl. 
(g) For an observer on a rotating blade, the phenomenon is not a function of time, namely, 
steady. 
The assumption of a subsonic flow (assumption a) deserves explanation. During recent years a 
significant effort (see the above mentioned references) has been devoted to the solution of transonic 
flows at blade tips. This problem is very important o the tip region of advancing blades of 
helicopters, moving at a high advance ratio. In the case of hovering or slow axial flight, transonic 
effects are much less important and can be neglected. Thus, the present efficient model is suitable 
for most practical purposes where a large number of configurations at different flight conditions 
are calculated. 
The blade tip region is described in Fig. 1. xm, y~, z~ is a dimensional Cartesian system of 
coordinates which rotates and moves axially with the rotor, zl coincides with the axis of rotation, 
Yl is the spanwise coordinate, while x~ points in the chordwise direction, x and z are nondimensional 
coordinates which are obtained after x~ and Zl, respectively, are divided by a representative chord 
length It. The nondimensional spanwise coordinate y is obtained after y is divided by the disk 
radius, R. Dealing with the tip region, it is convenient to replace the coordinate y by another 
nondimensional spanwise coordinate, s, defined as follows: 
s = (1 - y)R/to. (1) 
s equals to zero at the tip and increases while moving towards the blade root. 
The projection of the blade leading edge onto the x-s plane is described by the curve G(s), while 
the curve Q(s) describes the projection of the trailing edge. The local nondimensionalized chord, 
C(s), is thus 
C(s )  = Q(s )  - G(s). (2) 
The upper and lower surfaces of the blades are zu(x, s) and zl(x, s), respectively. Since the blade 
is thin, it will be represented by its mid-surface, zm(x, s) (see Fig. 1.). 
2.2. The lifting surface model 
The flow field behind a rotating blade is shown in Fig. 2. As shown in the figure, the flow field 
is divided into four regions: Si--the tip region of the blade; S, Athe near wake, just behind the 
tip region; S~--the blade, excluding the tip region (SO; and S4--The whole wake, excluding $2. 
The cross section s = st (see Fig. 1) marks the boundary between Sm and $3. 
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Fig. 1. General description of the blade tip. (a) Projection onto the x-s  plane; Co) typical cross section 
in the x-z  plane. 
l]y using the lifting surface theory of rotary wings [12-17] it can be shown that for the 
axisymmetric steady case of hovering or axial motion, the axial component of the induced velocity 
at any point (x, s) over the blade can be described as follows: 
ff( g(~,q,x,y,  fl)Ap(~,q)d~ dq. (3) 
sl + S3) 
and r/are blade coordinates, equivalent to x and s, respectively, fl is a compressibility factor, 
defined as 
. . . y ,  , (4) 
where My is the Mach number at the cross section y of the blade. Ap is the local pressure difference 
(between the lower and upper surfaces of the blade). 
The kernel K(~, t/, x, y,//) is obtained by integration along a streamline, starting far downstream, 
and finishing at the point (~, 7) of the blade: 
K ( ~, tl, x, y, fl ) = /~° K*( ~, tl, x, y, fl, ~ ) d~. (5) 
is a running coordinate downstream, along the blade and the wake. It is convenient to consider 
a as an azimuth angle measured along the wake (see Fig. 3). ~r 0 is the coordinate of the point 
(¢, '1). 
The boundary between regions St and $2 will be defined by a* (see Fig. 3). Substitution of 
equation (5) into (3) and separation between $1 and $3, imply 
Vi (X ,  ,.f) = Die(X, ,Y) "Jr- Vio(X, ,Y), (6) 
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Fig. 2. The flow field behind a blade. 
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Fig. 3. The near wake behind the blade tip. 
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(SI + $2) is defined as the inner domain. ($3 + $4) is the outer domain, vie is the contribution of 
the inner domain to the induced velocity in this domain itself. This part includes the singular 
integral typical of all lifting surface models. V~o is the contribution of the outer domain. 
It can be shown that if tr* is taken equal to 30 ° (see Fig. 3), and taking into account he fact 
that the axial displacement of the wake in the inner region is small, then vie can be approximated 
as (detailed erivation appears in [18]) 
( x x 
l (x' ,s ')  1 4 (8) 
/3i¢ (X, S) = ~ '=0 x' = G-(S') [(X - -  X ' )  2 "a t- ~2(S  - -  S')2]•/2/(3" - -  S ' )  2" 
l(x, s) is a nondimensional load defined as 
t(x, s) = Ap(x, s)/(lp~o U2~). (9) 
Based on the present assumptions, the incoming flow velocity varies in a linear manner along the 
blade. If the tip region is relatively small, namely [(sJc/R)<< l], then it is possible to introduce a
representative locity Ur. Ur obtains some value between the magnitude of the incoming flow at 
the cross-section si and the tip. As it will be shown later, the influence of the choice of Ur on the 
results is usually negligible. 
fir is the compressibility factor based on U~, namely 
fir 2 = 1 -- M~. (10) 
M, is the Mach number based on the velocity Ur. 
The integrand of equation (8) is identical to the integrand of the singular integral of the induced 
velocity according to the well known lifting surface theory of Multhopp [19]. This theory deals with 
a fixed wing in a uniform subsonic flow. While the boundaries of the integral in the case of a fixed 
wing include the whole wing, here the intergration is carried out only over the tip region. The fact 
that the equation for the tip region is equivalent to the equation of a fixed wing is not surprising 
if one recalls the results of Caradonna nd Isom [1, 2]. They have shown that the differential 
equation of small disturbances at the tip region of a high aspect-ratio blade is identical to the 
equation of a fixed wing in a uniform flow, where the uniform flow velocity is taken equal to the 
flow velocity at the blade tip. A derivation similar to Ref. [2] is presented in [18], where it is shown 
that the same differential equation is applicable also to the case of a rotor in a slow axial 
flight. 
The integral of equation (8) presents a singularity problem. This singularity has been investigated 
by different researchers (the interested reader will find a relevant list of references in [20]). Reference 
[20] presents a new efficient method to cope with this singularity. This method [20] will be used 
in the present calculations. 
2.3. The boundary conditions 
The boundary conditions are of two kinds. First there is the condition of nonpenetration f the 
flow through the blade surface. Second, the condition of continuity of the aerodynamic load while 
crossing the cross section s = st (from the region St to $3), is also applied. 
The condition of nonpenetration f the flow through the blade surface means that the flow close 
to the blade is tangent o the surface. As mentioned above (and as is usual in all lifting surface 
theories), the blade is replaced by its mid-surface Zm(X,S). The condition is described by the 
following equation (small terms have been neglected based on the above described assumptions and 
the assumption of small disturbances): 
- f iR(1 - sic~R) aZm(aX' s) + vi(x, s) - V c = O. (11) 
The last equation should be satisfied at any point (x, s) of the blade tip. 
Substitution of equation (6) into (1 I), using (8) and dividing the equation by fiR, imply 
x_x  
~t(x,s) =-~-~ -0 a~' -c~, ' )  [(x-x')2~-~2-~s-s')2l /2 (s-~s') 2' (12) 
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where 
0~(X, S) = ~ rio - -  l'~o - -  (1 - -  sic~R) • (13)  
The wiggle indicates nondimensional velocities, obtained after dividing the dimensional velocities 
by (fiR). A solution of the integral equation [as presented by equation (12)] gives the aerodynamics 
of the inner domain. The solution yields the unknown function l(x, s). While solving the inner 
domain aerodynamics, a(x, s) [as defined by equation (13)] can be considered as a known input. 
According to (13), • (x, s) is a function of: (a) the influence of the outer domain through the induced 
velocity gio(X, s); and (b) the geometry of the blade's tip (Zm), and the flight condition, rio is obtained 
by a solution of the outer domain. As indicated above, the solution may be obtained using different 
methods which are not necessarily as accurate as the inner domain model. 
3. THE SOLUTION TECHNIQUE 
The nondimensional load, l(x, s), is described by the following double series: 
NO M0 
l(x,s) = ~ ~ ~ a_h,(x)e,(s). (14) 
C(s) , = o. = 
h,(x) are chordwise shape functions of the aerodynamic load. The series should include the leading 
edge singularity and satisfy the Kutta condition, e,,(s) are the spanwise shape functions that satisfy 
the condition of zero load at the tip s = 0. It is clear that for an exact solution the series should 
bc infinite, but for practical purposes they arc finite with (No + I) chordwise shape functions and 
M0 spanwise functions. Thus, the unknowns of the problem become the [(N o + I) x M0] coefficients 
anm, 
Substitution of equation (14) into (12) implies 
NO M0 
~(x, s) = ~ ~ a,~'(x, s, n, m), (15) 
nf f iO  mf f i  l 
where 
1 f"=',I'~=Q(¢) ( x- -x '  )dx'ds" 
f,(x)em(S) 1 + (s --s') 2" e'(x, s, n, m) = -8-~n ,=0 .•' =~,') [(x - x')i-+fl2~'(s - s')2] '/2 (16) 
Any point (x, s) is associated with [(No + 1) x M0] coefficients e'(x, s, n, m). The calculation of 
these coefficients includes the singularity problem. As already mentioned above, a recently 
developed efficient method [20] will be applied to the calculation of the coefficients. This method 
is capable of dealing with any geometry of the tip and any choice of the functions f. (x) and e,. (s). 
In general, equation (16) should be satisfied at any point of the tip region. Practically, the 
equation will be satisfied at a finite number of collocation points. The number of collocation points 
is Arc, where 
Arc f> (No + 1)M0. (17) 
In a case where the equilibrium sign in equation (17) holds, the number of unknowns is equal to 
the number of equations. In all other cases an overdetermined system of equations i obtained, and 
solved by applying least squares methods [21]. 
The final set of equations can be described by the following matrix notation: 
{~} = [K] {a}. (18) 
{~} is a vector of order Arc which includes all the ~(x, s) at the collocation points. {a} is a vector 
of order [(No + 1)× M0], that includes the coefficients a , .  The matrix [K] has a dimension 
{N c x [(No + 1)M0]} and its terms are the coefficients ~'(x, s, n, m). 
As mentioned above, except from the condition of nonpenetration f the flow through the blade 
surface, the condition of continuity of the aerodynamic load along the blade is also applied. In 
particular, this condition requires a continuity of the aerodynamic load at the cross section s = st, 
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while passing from the region S I to the region $3. This condition can be applied in different ways, 
using different approaches. The application of this condition is also a function of the format of 
the outer domain solution. In the present paper the continuity condition will be imposed on the 
resultant cross-sectional lift. It is required that at the cross section s = st the cross-sectional lift 
obtained by the inner domain solution will be equal to the cross-sectional lift obtained by the outer 
domain solution. This condition yields another equation which is added to the system of 
equations (18). 
Thus, in summary, the solution of the tip region aerodynamics (inner domain) is obtained as 
follows: the outer domain solution is obtained first. This solution yields the induced velocities over 
the tip, bio(X, s), and the aerodynamic force at the cross section s = st. Based on tTio(x, s) at the 
collocation points, the tip geometry (Q(s), G(s), dZm/dX) and the flight condition (fiR, Vo), the 
vector {,t} is assembled. Then by solving equation (18) (adding also the boundary condition at 
s = st) the vector of unknowns {a} is calculated. If the matrix [K] is known, relatively small 
computer esources are required to obtain a solution. For a certain tip geometry of a rotor 
operating at a certain tip Mach number, the matrix [K] is calculated once and stored. Thus 
calculations for different operating conditions (different Vo pitch angle and twist) are very quick 
and do not require large computing resources. 
4. NUMERICAL EXAMPLES 
The outer domain solution is used as an input to the inner domain solution. Any appropriate 
method can be used in order to solve the outer domain problem. In the present section, a recently 
developed vortex lattice (VLM) free wake analysis [22, 23] is used in order to solve the outer domain 
problem. This analysis yields v~o(x, s) at the collocation points and the aerodynamic load at the 
cross section s = si. 
The chordwise shape functions, h,(x), are identical to the shape functions that were used by 
Wagner [24, 25]. There are different ways of expressing these functions, one of which is 
h,(~k) = (2/lt)(cotan(~k/2)-2 k~, sin(k, g, )), (19a) 
cos $ = 1 - 2X, (19b) 
X = [x - G(s)]/C(s). (19c) 
It can be seen that there is a normalization of the shape functions based on the local chord. Each 
term in the series contains the leading edge singularity and satisfies Kutta's condition at the trailing 
edge. 
The spanwise shape functions have been chosen as follows: 
[sin[ns/2st], m = 1; (20a) 
e,,(s) = ~ [sin[ns(m - l)/sj], m > 1. (20b) 
As can be seen from equations (20), only the first term (m = 1) contributes to the load at the cross 
section s = si. This choice has been found to be very convenient when applying the boundary 
conditions. All the other terms have an influence inside the tip region and they also influence the 
load slope at the boundary cross section. 
As already indicated above, ct'(x, s, n, m) are calculated by using the method of [20]. In all the 
cases, the number of chordwise shape functions (No + 1) will be equal to the number of chordwise 
collocation points, while the number of spanwise functions M0 will be equal to the number of 
collocation cross sections. Thus, over determined cases will not be dealt with in the present 
examples. 
Example I 
The rotor and its operating conditions are identical to two experiments hat were reported by 
Caradonna nd Tung [6]. This is a two bladed rotor where the disk radius is 1.143 m and the 
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constant chord equals 0.1905 m. The cross-sectional pitch angle is constant along the blade and 
equals 8 °. The aerodynamic profile of the blade is NACA 0012. The rotor was operating at two 
rotational velocities which resulted in tip Mach numbers of 0.44 and 0.6. 
Three cases of different ip regions are considered: 
(a) The tip region ranges from the cross section yi = 0.85 to y = 1.0. There are seven collocation 
points along the blade, located at the cross sections y -- 0.87, 0.89, 0.91, 0.93, 0.95, 0.97, 0.99. All 
the collocation points are located at the classical three quarters chord location (X = 0.75). In this 
case Ur is taken equal to (0.925 fiR). 
(b) The tip region starts at Yi = 0.90. The collocation points are located at the following five cross 
sections: y = 0.91, 0.93, 0.95, 0.97, 0.99. At each cross section there are two collocation points at 
the "optimal" chordwise locations according to Multhopp [19], X = 0.3455, 0.9045. In this case 
U~ is taken equal to (0.95 fiR). 
(c) The tip region starts at yi = 0.95. There are four collocation cross sections, y = 0.96, 0.97, 
0.98, 0.99. At each cross section there are two collocation points at X = 0.3455, 0.9045. U~ is taken 
equal to (0.975 fiR). 
In Fig. 4 the lift coefficient distribution along the blade tip (when Mr = 0.44), as obtained from 
the above three cases, is presented. Results of the free wake VLM model, used as the outer domain 
[22, 23], are also presented for comparison. There are some differences between the three cases. 
These differences are larger near the cross section s = si and they decrease rapidly (practically 
disappear) as the distance from s = si increases. The results of the VLM free wake analysis are 
higher than the results of the present model. The experimental results are located between the VLM 
free wake model and the lifting surface. 
Similar results to those presented in Fig. 4 have also been obtained for the case where Mr = 0.6. 
In Fig. 5 the distribution of the nondimensional load, l(x, y) is presented along two cross sections 
(y = 0.89, 0.96), for two rotational speeds (MT = 0.44, 0.6). The agreement between the experimen- 
tal and theoretical results is better for Mr = 0.44 compared with Mr = 0.60. The agreement is in 
general of the same quality for both cross sections, while in all the cases the agreement deteriorates 
near the leading edge. 
In relation to the fact that the agreement is better for the case where Mr= 0.44, it 
should be noted that the present outer domain calculations do not include compress- 
ibility corrections. Including such corrections may improve the agreement in the case when 
MT = 0.6. 
It is worth mentioning that calculations of the three cases using other values of UT have been 
carried out. In case (a) for example, values of UT = (0.85 fiR) or U~ = (1.0 fiR) have been applied. 
Only negligible differences in the results have been observed. 
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Fig. 4. Example I--lift coefficient distribution along the blade tip (Mr = 0.44). 
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Example H 
This is a rotor similar to that of Example I. The rotor has two blades with constant chord and 
pitch. The tip Mach number is 0.6. The main difference between this example and the former one 
lies in the aspect ratio of the blades. While in Example I the aspect ratio (R/C) is 6.0, here it equals 
13.7. In [7] experimental results for Example II are presented. 
In Fig. 6 the lift coefficient distribution is presented for cases where Yi = 0.85, 0.90, 0.95. The 
calculations are compared with experimental results. The behavior is similar to that of Fig. 4. The 
theoretical results are lower than the experimental ones. 
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Fig. 6. Example II--lift coefficient distribution along the blade tip (M T : 0.6). 
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Example III 
This example presents one of the main advantages of the present model which allows an easy 
and accurate description of any complicated tip geometry. The blade that will be considered has 
an ogee tip. In [4] experimental results for blades with ogee tip are presented. The tip geometry, 
as given in [4], is presented in Fig. 7. The rotor has two blades, the disk radius is 1.05 m and the 
constant chord (excluding the tip region) is equal to 0.0762 m. The pitch angle at the root equals 
17.8 ° and it drops linearly towards the tip, where the pitch difference between the root and the tip 
equals - 10.7 °. The rotor speed is f2 = 73.3 (rad/s), yielding a tip Mach number of 0.226. 
The outer domain solution is obtained by the previously mentioned VLM free wake model. An 
accurate description of the ogee shape by the VLM method will require a very fine mesh of the 
tip region, and consequently will require extremely high computational resources. Therefore, while 
solving the outer domain problem, the tip is described as a triangular one, also shown in Fig. 7. 
Except for the solution of the outer region, the triangular tip will also be solved for comparison 
.purposes. 
The inner domain solutions include three cases: 
(a) A triangular tip region that begins at Yi = 0.9. There are 18 collocation points located at nine 
cross sections along the tip (see Fig. 7). 
(b) A triangular tip region that starts at Yi = 0.95. There are four collocation cross sections inside 
this region, where each cross section has two collocation points. 
(c) An ogee tip region where Yt = 0.9. There are 18 collocation points inside this region. 
The circulation distribution along the blade is shown in Fig. 8, for the above described three 
cases, the outer domain VLM solution and experimental results [4]. The outer domain VLM 
analysis results how a significant deviation in comparison with the experimental results. The results 
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Fig. 7. Example lIl--tip geometry and collocation points distribution: (a) ogee tip, (b) triangular tip. 
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Fig. 8. Example III--circulation distribution along the blade tip. 
of cases (a) and (b) (lifting surface, triangular tip shape) are very close and again prove the relatively 
low sensitivity of the method to the choice of the cross section s~. Still, the results of cases (a) and 
(b) are noticeably higher than the experimental results. The results of case (c), where the accurate 
shape of the ogee tip is considered, show very nice agreement with the experimental results. It is 
worth emphasizing here that while using the present lifting surface method, in contrast o other 
methods, taking into account he accurate tip geometry (it holds to any geometry and not only 
the ogee tip) does not result in any meaningful increase in the computational effort. 
This example presents the advantages ofusing a fairly crude model for the outer field and a more 
refined model for the inner solution at the tip. 
5. CONCLUSIONS 
A new method, where the inner/outer domain approach is used in order to calculate the 
aerodynamic loads at the tip of a hovering helicopter blade, has been presented. The solution of 
the inner domain is based on using the lifting surface method. 
There are two main advantages associated with the new method: 
(a) Compared to other methods, it is very efficient concerning computer resources. Thus it allows 
many computations associated with different pitch angles and axial velocity combinations. 
(b) Without any significant increase in the solution effort, it is possible to deal with complicated 
tip geometries. 
Based on the above described results it seems that it will be interesting to investigate the use of 
the new method using different outer domain solutions (in addition to the presently used VLM free 
wake analysis). Of special interest will be the use of outer domain models that include 
compressibility corrections. It also seems attractive to extend the present method to cases of 
forward flight, where efficiency is very important. 
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